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PUNCHING SHEAR FAILURE OF FOUNDATIONS ON STRONG SAND 
OVERLYING DEEP WEAK DEPOSIT 
The ultimate bearing capacity of shallow foundations under axial vertical 
loads on dense sand overlying deep loose deposit has been investigated. In the 
literature, several theories can be found using simplified failure mechanisms in 
conjunction with the punching shear failure. Accordingly, assumptions were used 
to simplify the evaluation of the level of mobilization of the shear strength on the 
punching column. This is mainly due to the complexity of modeling the earth 
pressure distribution on the punching column. 
In this study a numerical model was developed to investigate the case of 
continuous footing on dense sand overlying loose sand. The model utilizes the 
powerful software "PLAXIS" version 8.6, which is capable to model such complex 
interaction in two-dimensional stress analysis. The model was validated with the 
prototype test results of Meyerhof and Hanna (1978) and Hanna (1981- a). The 
results of this investigation showed that the shear strength mobilized on the 
punching column depends on the relative strength of the two layers, the width of 
the footing and the thickness and angle of shearing resistance of the upper layer. 
Design procedure and design charts have been presented to assist foundation 
engineers to predict the bearing capacity of footing on dense sand overlying 
deep loose deposit. 
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Foundation design consists of two distinct parts: the ultimate bearing capacity of 
the soil under the foundation, and the allowable settlement that the footing can 
undergo without causing any damage to the superstructure. The ultimate bearing 
capacity is defined as the load that the soil under the foundation can support 
before massive shear failure. 
Research on the ultimate bearing capacity can be carried out using either 
analytical solutions or experimental investigations. The former could be studied 
through theory of plasticity or finite element analysis, while the latter is achieved 
through conducting prototype, model and full-scale tests. A satisfactory solution 
is found only when theoretical results agree with those obtained experimentally. 
In the literature, most of the reports found are dealing with the bearing capacity 
theories for foundations on homogeneous soils. Soil properties were assumed to 
remain constant during loading. However, in cases where the underlying soil is 
made of layers of different properties, these theories will not accurately predict 
the bearing capacity of these footings. 
Layered soil profiles are often encountered whether naturally deposited or 
artificially made. In recent years, approximate solutions for the bearing capacity 
1 
of shallow foundations on layered soil have been presented. Theories were 
developed for footings on a strong layer overlying a weak layer, and vice versa. 
For the case of strong layer overlying a weak deposit, the theories developed 
were based on the assumption that, at the ultimate load a soil mass in the upper 
sand layer, will fail in a roughly truncated pyramid in shape, pushed into the lower 
soil layer. The calculation of the mobilized shear on the punching column is 
difficult at best, and accordingly several simplified assumption were made, which 
further leads to inaccurate predictions. 
The objective of this thesis is to develop a numerical model to simulate the case 
of footings on a dense sand layer overlying deep deposit of loose sand, which is 
regarded as a typical case often encountered in the field. The model is capable 
to evaluate the level of shear mobilization on the punching column and 
accordingly will lead to accurate prediction of the bearing capacity of these 
footings. After model validation, the model will be used to generate data for a 
wide range of parameters, based on which a design theory will be developed. 






During the last four decades, several reports can be found in the literature 
dealing with foundations resting on layered soils. Theories were developed 
based on the results of laboratory model testing and numerical modeling. In this 
chapter a brief review of the historical development of the subject matter followed 
by discussions. 
One of the early proposed solutions for bearing capacity in layered soils was that 
of Button (1953), yet the semi-empirical and experimental data of Meyerhof and 
Hanna since (1978) remained unchallenged yet. 
2.2 REVIEW OF PREVIOUSE WORK 
2.2.1 THSEORSTSCAL AND EXPEREMENTAL INVESTIGATIONS 
Button (1953) was the first to study the bearing capacity of strip foundations 
resting on two layers of clay soils. He assumed that the failure surface is 
cylindrical in shape and starts from the edge of the footings, fig. (2-1). Then he 
used a bearing capacity factor ( N c ) that depended on the upper layer and the 
C / ratio of the lower layer cohesion over the upper layer cohesion ( yr ). Yet he 
introduced series of simplified assumptions, which have significantly reduced the 
level of accuracy of the results. 
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P = qB 
Layer 2 
Fig. (2-1), Graphical description of strip footings in layered subsoil by Button (1953) 
In 1967 Reddy and Srinivasan (1967) combined the work of Button (1953) and 
the graphic suggestion of Casagrande and Carrillo (1954) for the variation of 
shear strength with depth to study the effect of non-homogeneousness and 
anisotropy on bearing capacity of layers of clay soils. They presented their 
results in graphical form that can be used directly to calculate the bearing 
capacity for a variety of (K) values. They concluded that the bearing capacity for 
anisotropic medium could increase by 15% or decrease by 30% of that for 
isotropic medium for the range of K values = 0.75 - 2.0. 
Where: 
K is the coefficient of anisotropy, which is equal to vertical shear strength over 
horizontal shear strength. 
4 
The experimental results of Brown and Meyerhof (1969) have disputed the 
assumption of cylindrical failure surface for layered soils, fig. (2-2). 
0 ^ I I I I I I I I L 
.1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 
Value of n 
Values of Nc for K = 1.0 
Fig. (2-2), Results of Meyerhof and Brown's discussion for the Button's analysis 
Brown and Meyerhof (1969) presented a design charts to estimate the modified 
bearing capacity factor (Nc) for a given shear strength ratio (cy ) of two clay 
/ c\ 
layers based on experimental work. These charts were used to evaluate the 
bearing capacity of layered clay for both strip and circular footings. 
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Meyerhof (1974) investigated the cases of shallow foundations on a thin layer of 
sand over deep deposit of clay for the combination of dense sand overlying soft 
clay and loose sand overlying stiff clay (Figure 2-3). 
Actual failure plane 







Fig. (2-3); Failure mechanism for footings on layered soil (left side) and homogenous 
sand (right side) after Meyerhof (1974) 
Meyerhof concluded that the failure mode for strong layer overlying week deposit 
occurred in punching shear and he considered the lowest of: 






Nc - bearing capacity factor, 
6 
y = unit weight of sand and, 
Ks = coefficient of punching shearing resistance which is effected by the value of 
<p and the ratio H/B 
While for the case of loose layer overlying dense deposit the failure took place by 
squeezing the upper layer soil laterally, and the ultimate bearing capacity was 
given as: 
q. = 0.5ybN'r + yDN'q (2.3) 
Where's,N'r,N'g are modified factors that are depend on the angle of shearing 
resistance <p,H/B ratio, and the degree of roughness of the base. 
In an attempt to simplify the design procedure for the case of loose sand 
overlying deep strong deposit, Hanna (1982) presented design charts that assist 







































































Fig. (2-4); Design charts for determination of N TV After Hanna (1981) 
Hanna and Meyerhof (1979) presented a rational theory for the case of strip 
footing resting on three layers, having the two upper layers stronger and thinner 
layers overlying deep deposit of weaker soil. Extending the punching theory 
developed by the authors; they presented a design theory for practicing use. 
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Das and Puri (1989) presented the results of a laboratory model test for the 
ultimate bearing capacity of shallow strip foundation on stiff clay overlying weak 
clay. By comparing the experimental results with those available in the literature, 
they concluded that the theory of Meyerhof and Hanna (1979) provides the best 
results. 
In 1980 Hanna and Meyerhof extended their work by presenting design charts 
that can be used directly in predicting the bearing capacity of strip or circular 
footings resting on dense sand layer over soft clay deposit. 
Hanna (1981- a) investigated theoretically the case of footings on dense sand 
overlying loose cohesionless deposit, as shown in Figure (2-5). He presented a 
design theory to estimate the coefficient of punching shear resistance ( K s ) for 
given values of ((j>^and(f)2), to be used to calculate the bearing capacity for strip 




<lu =(lb+7\H M + — \Ks —z1- - Y\H ^  q< (For strip footings) (2-4) 
B 
TTl(. 2£>V „ tancA 
1»=<lb+Y\H l + —\SsKs—z1--Yfl^(lt (For circular footings) (2-5) 




Fig. (2-5); Failure mechanism in layered cohesionless soils, after Hanna (1981) 
Satyanarayana and Garg (1980) proposed an empirical equations that considers 
the average value for both C, ar\d<p, and the concept of the equivalent significant 
depth ( D e ) to calculate the ultimate bearing capacity. 
C Z + C Z 
" ~ z~~+z~2 
(2-6) 
<t>a = tan 
<j)xZx +(/>2Z2 
\ Z, + Z2 j 
(2-7) 
^ C 2 + tan <p2 J 
(2-8) 
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Hanna (1981- b), argued the validity of the theory and presented compiling 
evidences to support that this assumption will lead to discrepancies ranging from 
70- 85% between the experiments results and the empirical ones. Also he noted 
that the depth of the upper layer at which the lower layer has no more influence 
on the bearing capacity depends on the relative strength of both layers as well as 
on the footings type. 
In 1987 Hanna compared the results that were obtained from a small scale 
model strip footing on homogeneous and layered sand, with those obtained 
theoretically using finite element technique that had been developed by Duncan 
and Chang for non-linear stress-strain relationship, where good agreement was 
noted. 
Oda and Win (1990) carried out 12 laboratory tests to study the effect of 
sandwiched thin soil layer on the bearing capacity of strip footings. They 
concluded that the effect of the thin layer extends to 5 times the footing width and 
that the plastic flow occurs in the lateral direction, causes reduction in the bearing 
capacity of the footing. These finding agree with the work of Hanna and Meyerhof 
(1978), but defied that of Terzaghi (1943) which claims that the effect of the clay 
layer diminishes at a depth of at least 1.5 times the footing's width (B). 
Kenny and Andrawes (1996) based on a laboratory tests results; for the case of 
sand overlying soft clay, agreed with the solution proposed by Meyerhof (1974). 
Nevertheless, they suggested that local shear failure of the clay layer should be 
11 
considered as (qc =2/3CuNc) or qc = £ccCuNc(Vesic, 1973), instead of 
qc - CuNc, as proposed by Terzaghi, (1943). 
Abou Farah (2004) introduced a new mechanism for the two punching failure 
planes that were previously suggested by Meyerhof and Hanna (Figs.2-3, 2-5); 
by assuming failure planes inclined at an angle a with the vertical from the 
edges of the foundations, fig. (2-6). 
Fig. (2-6); Inclined failure surface as proposed by Abou Farah (2004) 
Where; 
a = P 
*Ln\ g2 
'?. + jLl (2-9) 
He performed stress analysis on the actual failure planes, considering the full 
mobilization of shear strength, a new equation for the bearing capacity was 
12 
driven as a function of layers properties, the depth/width ratio and the angle of 
failure planes with the vertical. 
?u =<lb ~Y\H + 
yxKP sin 8 
tan a 
DF + 
2H tan a - BF 
2 tan a 
(2-10) 
2.2.2 KINEMATICAL AND NUMERICAL INVESTIGATIONS 
Georgiadis and Michalopoulos (1984) introduced a numerical method to estimate 
the bearing capacity of footing on layered soils of any soil/loading conditions. 
They developed a computer program that determines the minimum factor of 
safety for different combinations of the depth of failure surface and the lengths 
LY and L2 . Comparing the result from this method with the existing finite 
elements method gave good agreements for two layers of clay soils, but when 
comparing with the several semi-empirical methods for the case of two sand 
layers the results scattered. 
Sloan (1989) presented a finite element and linear programming method, which 
he used along with the upper bound theorem, to assess the stability of undrained 
soils, and assuming Tresca's yield criteria with a perfectly plastic soil model. He 
used a three-nodded triangle with six nodal velocities, fig. (2-7). 
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(«3 >V3 ) 
y#v 
( « , ,V, ) 
- > X,V 
(•^1 > ^ 2 % > ^ / ) 
(u2 ,v2 ) 
Fig. (2-7); Triangle element used in the upper bound limit analysis presented by Sloan 
(1989) 
Florkiewicz (1989), has dealt with the problem from a different angle, assuming 
the interface surface between the two layers as non-horizontal, he tried to find 
the upper bound load limit numerically, by modeling a kinematically admissible 
failure surface, that consists of rigid-motion blocks then minimizing the limit load ( 
Pk) with respect to the a{ &/?, angles. 
Layer I 
Layer I 
Pu I Rigid footing ^ 
" • X 
Layer II 
Fig. (2-8); Florkiewicz's assumption of layered sub-soils 
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Then he compared his results with the previous experimental work of Hanna & 
Meyerhof (1978) for two clay layers and with Hanna (1981- a) for two sand 
layers. In both cases his theory yielded upper bound solutions, though in all of 
the experimental the interfaces of the soils' layers were horizontals. 
Tamura (1989), in his work he combined both Drucker-Prager and Mohr-
Coulomb plasticity models with and without the association of flow rule in order to 
formulate a finite element method that can determine the bearing capacity for a 
medium with discontinuities. The most important factors that can affect this kind 
of problems are the location and the distribution of the discontinuities among the 
soil mass. 
Michalowski and Shi (1995) have equated the rate of the external forces work to 
the rate of internal energy dissipation; an upper bound to the true limit load was 
found. Two failure mechanisms where considered for the case of strong sand 
over week clay, as they yielded the minimum bearing capacities. 
Sloan and Kleeman (1995) presented a procedure for computing the rigorous 
upper bounds under plain-strain strip footing as the exact collapse load. Using 
finite element and linear programming, based on linear three-nodded triangular 
element, but without the need to arrange them in a specific patron or specifying 
shear signs. This formulation is quit general for all type of materials, drained or 
undrained and less time consuming by permitting velocity discontinuities at all 
edges shared by adjacent triangles finding the directions of shearing 
automatically. 
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Frydmen and Burd (1997), have used both FLAC and OXFEM numerical 
methods to carry out a detailed parametric study on bearing capacity of sand 
layer over-laying clay, which helped specifying the system mechanism and 
producing dimensionless design charts for the bearing capacity. 
Sloan, Merifield and Yu (1999) have tried to bracket the true collapse load from 
both the lower bound and upper bound, by applying the limit analysis numerically 
to evaluate the untrained bearing capacity of a rigid surface footing on two layers 
of clay. The results showed an accuracy of about 12% with the exact collapse 
load. They presented them in the form of modified bearing capacity factors AT. 
Nevertheless, they reported that the effect of the thickness of the upper stronger 
layer on the bearing capacity continued until 1.5-2 times the footing's width. 
Wang and Carter (2001) considered the large deformation analysis in strip and 
circular footing resting on two layers of clay. They reported that in the cases 
where the second layer is very soft and where punching through the top layer is a 
possibility the small displacement assumption is not a function any more, and the 
large deformation analysis should take a role. By modifying the algorithm of the 
ALE (Arbitrary Lagrangian-Eulerian) approach that was previously introduced by 
Hu and Randolph to consider the two-layered soils, and using the AFENA finite 
element package of Carter and Balaam. They concluded: 
1. The load-displacement curves predicted for the large deformation 
analysis differs significantly from those for the small deformation 
analysis. 
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2. The large deformation effect is more significant for circular footing on 
tow-layered soils then for strip footing. 
3. Soil-self weight has a big effect on the bearing capacity of footings in 
layered cohesive soils analyzed for large deformation. Therefore, the 
addition of the soil-self weight (Ys) to the bearing resisting yields a more 
accurate estimation of the bearing capacity. 
Combing the newly presented techniques, of upper and lower bounds limit 
analysis of Lyamin and Sloan (2001-2002), to bracket the true solution, and the 
classical approach of the bearing capacity of two layers of clays, Lyamin, Shiau 
and Sloan (2003) proposed a method to obtain the rigorous plasticity solutions 
for the bearing capacity of sand over clay layered soils. Assuming that the soil 
layers obey an associated flow role, their results ranged within ± 10%. 
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2.3 DISCUSSIONS 
Despite of all the previous work that had been done to solve the problem of 
layered soils, yet there is no rational solution can be found in the literature. 
One of the most widely used solution in foundation engineering to determine the 
bearing capacity in layered soils is the semi-empirical approach of Meyerhof 
(1974) and Hanna and Meyerhof (1978) which is also known as punching shear 
models. Examining those theories experimentally or numerically has proven its 
accuracy so far. Even the results that didn't agree with it, like the results of Das 
and Puri (1989) or Madhira & Sharma (1991) was in the range of ±10-30% with 
theory. 
Other researchers such as Radoslaw, Michalowiski and Shi, and Florkiwicz, 
approached the solution kinematicaly with a more rigorous approach by 
assuming power dissipation at the interfaces of the geometrically optimized rigid 
blocks. Despite the agreement of those approaches with the previous 
experimental or theoretical solutions they are limited to the specific assumptions 
that they were used to develop their models. 
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2.4 OBJECTIVES 
The objective of this thesis is to develop a numerical model to simulate the case 
of strip footing on a dense sand layer overlying weak deposit. The model should 
be capable to address the shortcoming of the previously reported theories by 
providing accurate and realistic evaluation of the level of shear mobilization on 
the punching failure plans. The results of this study will be presented in the form 





In this Chapter the case of bearing capacity of rigid plane-strain shallow strip 
footing placed on the surface of a uniform dense sand layer with limited thickness 
overlying a deep, homogeneous bed of loose sand was examined (Figure 3-1). A 
numerical model is developed to simulate this case using finite element 
technique and the computer program "PLAXIS" version 8.6. The model is 
capable to measure the mobilized shear strength on the punching failing column. 
"PLAXIS" was developed in 1987 in the Technical University of Delft (Holland) to 
evaluate river embankments. Nowadays, it becomes one of the most reliable 
software to analyze complicated geotechnical problems. 





Fig. (3-1), Strip footings on layered soil v 
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H, 
experimental data of Meyerhof and Hanna (1978) and the theory of punching 
failure mechanism in layered soils proposed by Hanna (1981- a). 
3.2 NUMERICAL MODEL 
Two-dimensional finite element model will be developed to simulate the problem 
stated. The dimensions of the model were chosen conservatively to prevent any 
boundary condition. An assumption is made so that for each layer the soil 
properties and stiffness are constant within the depth of the layer. 
A finite element mesh was generated using a finite number of triangular elements 
with 15-node each. This will provide a fourth order interpolation for displacements 
and a numerical integration that involves twelve stress points. The meshes were 
medium in size with fine elements in the zones where deformation is expected. 
Figure (3-2) represents a sample of the numerical model as defined in the 
program. 
The program operates by prescribing values for the vertical displacement, 
applied incrementally on the nodes at the base of the footing. The bearing 
capacity was obtained from values of the pressure that developed below the 
footing due to the increase of the footing displacements. The evaluation of the 
results of the numerical model is made with those obtained by the Simi- empirical 
formula of Hanna (1981- a). In this investigation, the ultimate bearing capacity of 
a foundation was defined as the maximum load (the peak load) that the soil can 
withstand at failure; i.e. the pressure which causes shear failure. 
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Fig.(3-2) Numerical model and redefined mesh 
3.3. CONSTITUTIVE LAW 
The elastic perfectly- plastic non-liner behavior of the soil is simulated using the 
Mohr-Coulomb failure criteria model, which requires five input parameters that 
are commonly available; these are: Young's modulus, E, Poisson's ratio v , 





2(1 + 1/) 
E 
In this investigation, the elastic modulus of the soil, E and the Poisson's ratio are 




Furthermore: the angle of dilatancy is obtained from: 
y/ = (<p-30)° (3-3) 
A minimum value of the cohesion c is assumed equal to unity for cohesionless 
soil as stipulated by "PLAXIS". 
3.4 BOUNDARY CONDITIONS 
To insure that the entire plastic zone is contained in the meshes and that the 
boundaries are sufficiently distant from the footings; fig. (3-3); the meshes were 
initiated on a model dimensions that are (42 x B) in the X-direction from the 
center line of the footings and (36 x B) in the Y-direction measured from the base 
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f * fc= i 
Fig. (3-3); Plastic points distribution on the deformed mesh. 
Fig. (3-4); Deformed mesh scaled up to five times of homogeneous dense 
sand of (42B X 36B) model size, with prescribed displacement of 1m in the 
Y-direction with fixed boundaries in the X-direction. 
To eliminate the boundary effect during loading of the footing, the stresses at the 
boundaries were compared with the classic values of the horizontal and vertical 
earth pressures as follow: 
<*hor. = KJsa,Z 




Where: &f,or and 0"verare the horizontal and vertical stresses at rest, 
respectively. 
3.5. ELEMENTS TYPE 
During the mesh generation, the clusters are divided into triangular elements. 
The powerful 15-node element is chosen to provide accurate calculations of the 
stresses and failure loads, as it's composed of much finer and much more 
flexible meshes then those composed of 6-node elements. Preselected nodes 
will be used to generate the load-displacement curve. In addition to the nodes 
each element contains 12 individual stress points which can be preselected to 
generate the stress paths or the stress-strain diagrams. Figure (3- 5) shows the 
element's nodes and stress points. 
Nodes Stress points 
Fig. (3-5), Elements type showing the allocation of nodes and stress- points 
25 
3.6 DETERMINATION OF THE MOBILIZIED ANGLE OF SHEARING 
RISISTANCE 8 NUMERICALLY 
Hanna (1978) considered three important points to determine the theoretical 
value of the angle of shearing resistance, (S ), mobilized on the assumed planes 
of failure, which are: 
1. S < <f>}, if the analysis made on the vertical assumed planes of failure, and 
it will reach a maximum value of 5 = ^,, when the assumed planes 
becomes the actual curved planes of failure. 
2. Since the upper sand layer is stronger than the lower one, the strain in the 
upper layer at failure is much smaller than that of the lower layer, which 
leads to the fact that the occurrence of failure strains in both layers 
simultaneously is impossible. Thus, the mobilized angle of shearing 
resistance of the upper layer is less than the peak value, this can be 
reflected on the value of S and Kp. 
3. the vertical displacement of the upper sand punching column increases as 
the strength of the lower sand layer decreases, in other words, the 
mobilized passive earth pressure on the assumed vertical failure planes 
decreases with a decrease of the lower sand layer strength. In order to 
overcome the mathematical difficulties verifying any of the above 
arguments he used the dimensionless expression o\{8j(f)x ). 
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In this investigation, the following procedure was considered to calculate the 
angle of shearing resistance (5) mobilized on the plane of failure using the 
"PLAXIS" program. 




Right side interface 
H 
Loose sand 
Fig. (3-6); Punching shear column. 
Two vertical interfaces are introduced in the numerical model from the outer 
sides of both edges of the footing and along the upper layer, to give an indication 
of the model behavior and the stresses and strains distributions on these critical 
areas, fig.(3-6). Each interface is assigned a virtual thickness to it, which is an 
imaginary dimension used to define the material properties of the interface. The 
virtual thickness is calculated by multiplying the virtual thickness factor by the 
average element size which is determined according to the global coarseness 
setting. Since the normal stresses used in our case are considerably large, then 
the virtual thickness factor of the element was taken as the minimum value of 
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(0.05mm). In the 15-node soil elements the interface elements are connected to 
the soil elements with five pairs of nodes, and the coordinates of each node pair 
are identical; which means that the interface element has no thickness. Figure (3-
7) shows the 15-nodes soil element used in this study and its connection with the 
Fig. (3-7); Distribution of stress points in interface elements, and their connection 
with the soil elements. 
introduced interface element. Interface elements are generally modeled by 
means of bilinear Mohr-Coulomb model, this means that these elements will pick 
the corresponding cluster material data set (c,<p,ip,E,v) for the Mohr-Coulomb 
model. 
3.7 GENERATION OF MESH 
To generate a finer mesh around the area of interest in the numerical model, 
extra geometry lines were introduced at certain distances from the interfaces, 
figure (3-7). these lines will not affect the calculations of the total stresses and 
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strains in the soil but it will help assigning finer meshes in these areas to give 
smother stresses or strains distribution curves. Local element size factor reaches 
0.1 around the previously mentioned geometry lines. The global coarseness of 
the mesh was fine, then additional refinement is done under the footing and at the 
two layers interface, to control uniformly distribution of the finite elements mesh at 





















Fig. (3-9); cross- section in the generated mesh'with finer mesh around the 
punching 29 
Figure (3-9), shows a cross section in the generated fine mesh with the finer 
elements around the punching column. 
From the menu of "PLAXIS", a plastic analysis was chosen with an updated 
mesh option, as it gave better results without any significant extension in the 
computation period. This option considers the calculation for a large deformation 
effect as it automatically updates the stiffness matrix at the beginning of any load 
increment. Then a prescribed displacement of 0.5m was assigned to the soil 
under the footings. 
The interfaces were activated at the beginning of the calculation stage, and then 
at the end of the calculation program, tables were automatically generated for all 
the information regarding each point's coordinates, stresses, strains and other 
data. The mobilized angle of shearing resistance § is calculated for every point 
in these tables using the relation of the normal and shearing stresses along the 
plans of failure: 
Figure (3-9) shows the deformed mesh at the end of the calculations and the 
contour lines of the total displacement for the same model. 
r = (j tan 5 (3-6) 
This gives: 
8 = tan "' — (3-7) 
a 
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3.8 MODEL VALIDATION 
The validation of the model was done on two parts, first for the bearing capacity 
model which were validated with Hanna (1981- a). The second is for the 
customized model for the 8 calculations, and this is modified with the prototype 
results of Meyerhof and Hanna (1978). 
The input of the material data for the model was assigned after intense study of 
the available experimental ranges. Table (3.1) presents a wide range of these 







































































properties which are of practical interest and will be used as guiding data for the 
model. 
3.8.1 BEARING CAPACITY MODEL VALIDATION 
In the generation of data, two sets of properties were assigned for the upper 
layers separately (#?, =43°,andq>x =47°) for which, the lower layers <p2 will be 
ranging from (30<7o42°). But for the validation purpose only three set of layered 
soil system will be used. Hanna's (1981) semi-empirical equations (3-11, 3-12, & 
3-13) were used to calculate the ultimate bearing capacity for the same 
parameters, as those of the present study. 
qb = 0.5y2BNy2 +ri(H + D)Nq2 (3-8) 
qt =0.5riBNrl+riDNql (3.9) 
In which Nr],Nq; and N/2,Nq2, are the bearing capacity factors that are 
corresponding to the shearing resistance angels #>,,^2of the upper and lower 
layers of sand respectively. There values were obtained from the charts 
presented by Meyerhof (1974). 
qll=qh+2hH\\+--~)Ks~^-yxH<ql ( 3 . 1 0 ) 
Were the value of Ks obtained from the design chart proposed in the same study 
from the intersecting of the values ofi(p],(p2. 
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The cases that were considered in the numerical study assume a shallow 
foundation at the ground level (D= 0) so the above equations were adjusted to 
that case as shown below: 
qb=0.5y2BNr2+riHNc V (3-11) 
qt = 0.5r,BN (3-12) 
And; 
q„=qb+2r]H2K . tang?. 
D 
(3-13) 
For the numerical model, the load settlement curves are obtained for each set of 
soil properties, and first layer height. Then the bearing capacity is the value of the 
load at the maximum curvature point of each curve. 
The properties of the soil layers for the validation models are shown in table (3-2) 
below. 











































Tables (3-3 to 3-5) represent the bearing capacity values for each H/B ratio, 
obtained from the present and the previous investigations. A graphical 
presentation is provided in figures (3- 10) to (3-12). 
The results of both investigations are in good agreement especially for higher 
ratios of H/B. it is noticeable that at smaller values of the presiding ratio, and for 
stronger lower layers, there was a small different between the compared values, 
which can be due to the sensitivity of the finite element analysis in such small 
heights of the upper layer. 
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- •— Hanna1981 
-4S— present study 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 
H/B 
Fig. (3-10); Comparison between the results of the present study and Hanna 1981 results; for 
(pv = 43" and,(p-, = 30" 
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cp2 = 35°, cpj = 43° 
—#—Hanna1981 
—»— present study 
4 4.5 5 5.5 
H/B 
Fig. (3-11); Comparison between the results of the present study and Hanna 1981 results; for 






































































































cp2=35°,cp1 = 47° 
-•—Hanna1981 
-ft— present study 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 
H/B 
Fig. (3-12); Comparison between the results of the present study and Hanna 1981 results; for 
(px -ATarid,cp2 =35° 
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3.8.2 VALIDATION OF THE CUSTOMIZED MODEL FOR S 
The previouse model was then modified to include the posibility to calculate the 
mobilized angle of shearing resistance on the plane of failure.which is validated 
herin with the experimntal results of Hanna (1978). To do so a model was made 













q2/q ,= 0.076 (for both curves) 




Fig. (3-13); Comparison between the results of the present study and Hanna (1978) 
results, results. 
as those used in Hanna (1978) study. Then the average value of Savr was 
calculated for the new study from the equvalent normal and shear stresses at the 
vertical interfaces sections, which are calculated automaticaly in the program by 
integrating the stress componants along the cross-section. Then by applying 
equation (3-7) the average value of 8 is found. The ratio of 8rnr/(pi against the 
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H/B ratio was ploted for both the present and the previouse studies and the 
results are shown in figure (3-13). 
From these figures, it can be noted that good agreement for hiegher H/B ratio. 
The effect of the H/B ratio on the ratio of the the average angle of mobilized 
shearing resistance to the angle of internal shearing resistance of the upper 
layer {Savr\(px) has been ignored in the previouse study and that might have 
caused the disagrement of both curves for smaller H/B ratios. 
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CHAPTER FOUR 
RESULTS AND DATA ANALYSIS 
4.1 GENERAL 
In this chapter the numerical model developed herein, presented and validated 
with the data available in the literature in Chapter 3, will be used to generate 
results for a wide range of parameters. Design theory and design procedure will 
be presented. 
4.2 TEST RESULTS 
The test results obtained in the present investigation for the case of strong sand 
overlying weak sand are summarized in Tables 4.2 to 4.7 and presented in 
graphical form in figures 4-1 to 4-6. It can be noted from these Tables and 
Figures that the bearing capacity of the footing increases due to an increase of 
the ratio H/B up to a limit at which the bearing capacity will become equal to the 
ultimate bearing capacity of the footing on homogeneous upper layer sand. 
Two sets of properties were assigned for the upper layers separately 
(<p - 43°,and(p = 47°) for which, the lower layers cp will be ranging from 
(30°?o42°). The thickness of the upper layer, will be changing for the same set 
of the two layers' system from a ratio of H/B= 0.5 to 10. This is necessary to 
40 
establish the effect of the upper layer thickness on the bearing capacity of the 
footing. 
The input properties needed for each soil type were introduced in table (3-1) 
earlier, and summarized in table (4-1) below. 



























































































































' o t> ' t — 
q 2 / q i = 0.08 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 
H/B 
Fig. (4-1) Variation of the bearing capacity with H/B for the present study for 
<p} = 43 °and ,cp7 = 30° 



















































































q 2 / q i = 0.22 
Fig. (4-2) Variation of the bearing capacity with H/B for the present study for 
cp] = 43 = and ,<p2 = 35 ' 
1.5 2 2.5 3 3.5 4 4.5 5 5.5 
H/B 
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q 2 / q i = 0.54 
1.5 2.5 
H/B 
3.5 4.5 5.5 
Fig. (4-3) Variation of the bearing capacity with H/B for the present study for 
</?, = 43° an d, (p1 = 40" 
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200 q2/q! = 0.81 
Fig. 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 
H/B 
(4-4) Variation of the bearing capacity with H/B for the present study for 
(Pi ~ 43°and, (p2 = 42° 
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q2/Qi = 0-1 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 
H/B 
Fig. (4-5) Variation of the bearing capacity with H/B for the present study for 
<pt = 47°and ,<p? = 35° 
5.5 
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3 500 q2/q1 = 0.24 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 
H/B 
Fig. (4-6); Variation of the bearing capacity with H/B for the present study for 
<p] = 4 7 " and ,<p., = 4 0 " 
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4.3 DATA ANALYSIS 
In this investigation, the ultimate bearing capacity was determined as the peak 
point deduced from the load settlement curve. The curves (4-1 to 4-6), show the 
relation between the ultimate bearing capacity and the H/B ratio for each 
combination of upper stronger sand and the lower weaker sand. It is essential to 
point out that the properties of each layer, (WkeE,y,i//,v,Cu) are changing 
accordingly as it is shown in table (3-2). 
Homogenous loose 
sand ( 0 = 30°) 
Homogenous dense 
sand ( 0 = 43°) 
Layered dense/sand 
p , M =43730° 
different H/B ratios 
\ 
Fig. (4-7) Load-displacement curve. 
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The bearing capacity of footings on homogenous soil that has the same 
properties as those of the first layer ( q, ), and that of a homogenous soil of the 
lower second layer (qb) act as upper and lower bound for the bearing capacity of 
a layered system; Figure (4-7). 
4.4 PARAMETRIC STUDY 
Observing the results obtained from semi-empirical equations of Hanna (1981), 
the experimental results of Hanna's (1978) and the presented numerical model, it 
can be conclude that the most effective parameters upon the bearing capacity in 
layered soils are: 
4.4.1 EFFECT OF THE RATIO H/B 
The load settlement curves of footings on dense sand overlying weak sand 
possess a peak value at higher H/B ratios, where the mode of failure is general 
shear. The curvature of the load-settlement curve tends to decrease as the H/B 
ratio decreases. 
On the other hand the effect of the H/B ratio tends to diminish at and beyond a 
value, at which the bearing capacity reached the value for the homogeneous 
upper layer (see Figures 4.1 to 4.6) 
4.4.2 EFFECT OF THE RELATIVE STRENGTH OF THE LAYERS ((pj(p2) 
The relative strength between the two layers has a big effect on the bearing 
capacity of the soil system. As shown in table 4.2 to 4.7, that the higher the ratio 
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g>J<p2 the high the bearing capacity of the system for the same H/B ratio, up to 
the maximum given above. 
4.4.3 EFFECT OF THE STRENGTH OF THE UPPER LAYER ((px) 
Plotting the relation between H/B and the ultimate bearing capacity for four 
cases where the strength of the upper layer varies in the range of 
<p, =43°&47° while the lower layer strength remained constant, see figure 
(4-8). It can be noted that ^, play an important role in determining the 
















the heigher the H/B ratio the bigger 
is the diffrent between the ultimate 
bearing capacities 






= 4 T / ^ -
= 43°/'4ir 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 
H/B 
Fig. (4-8), Different stiffness ratios of the two layers, for^, = 47,43,&<^: = 3 5 & 4 0 
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4.4.4 EFFECT OF THE STRENGTH OF THE LOWER LAYER ((p2) 
Figures (4-9) and (4-10) demonstrate the role of the lower layer strength in 
determining the bearing capacity of the system. It can be noted that the bearing 































H/B=1, q>2 =40 









Fig. (4-9), Effect of the strength of the lower layer for different stiffness ratios of the 






















<2V>. = 47-/35 ' 
^ M = 47-/40-
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 
H/B 
Fig. (4-10), Effect of the strength of the lower layer for different stiffness ratios of 
the two layers, for<^ = 47°. 
Furthermore, it can be noted that for a thinner upper layer, the strength of the 
lower layer plays a bigger role in determining the bearing capacity of the layered 
system. 
45 DETERMINATION OF THE SHEAR STRENGTH MOBILIZED ON THE 
PUNCHING COLUMN 
The soil layers used in this analysis are the ratio of the relative strength of both 
layers will be defined as the ration of (q2/qi), beside the other geotechnical 
properties of the soil (E,v,ydrv ysal ,andC). 
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Where: 
qx = 0 . 5 r , M 7 , 
q2 = 0.5y2BN r2 
The ranges of parameters used in this analysis are given in table (4-8) below: 



















































In this analysis, nine combinations of soil's properties were selected for the upper 
and lower layers to give wider range for the study. The objective of this study is 
to evaluate the level of the shear strength mobilized on the punching column in 
terms of the angle of shearing resistance (8) . 
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The value of the ultimate bearing capacity of homogenous upper and lower 
layers (qi,q2) of the system were calculated using equation (3-12) and the 
bearing capacity factors Ny values, which were obtained from Meyerhof (1974). 
The results are listed in table (4-9). Those ratios are used later in the 
presentation of the design charts for the determination of the mobilized angle of 
shearing resistance on the plane of failure of the upper layer (SmT jcpx ). 
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4.6 RESULTS AND ANALYSIS 
The normal and shear stresses along the vertical interfaces' elements obtained 
from the numerical model were recorded. Using equation (3-7) the values of the 
angle S mobilized on the punching column were determined for both sides of the 
column. These results are summarized in tables 4-10 to 4-18. 
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Table (4-10): the calculated Wangle for five selective points for the case of 
















































































































































































































































Table (4-11): the calculated Wangle for five selective points for the case of 

















































































































































































































































Table (4-12): the calculated Wangle for five selective points for the case of 


















































































































































































































































Table (4-13): the calculated Wangle for five selective points for the case of 


















































































































































































































































Table (4-14): the calculated Wangle for five selective points for the case of 


















































































































































































































































Table (4-15): the calculated Wangle for five selective points for the case of 


















































































































































































































































Table (4-16): the calculated Wangle for five selective points for the case of 


















































































































































































































































Table (4-17): the calculated Wangle for five selective points for the case of 


















































































































































































































































Table (4-18): the calculated Wangle for five selective points for the case of 



















































































































































Right side interface 




























































































The values deduced for the rations (S/<pt ) are plotted in graphical form in figures 4-11 to 
4-18. On these figures, the best fitting curves were determined for each side for the 
given H/B ratio was also given. 
1.500 
•leftside interface 
1 right side interface 
1.000 0.500 0.000 -0.500 -1.000 -1.500 
8/ipi for both Left & Right interfaces 












































• left side interface 
1 right side interface 
0.5 -0.5 
o/q^for both Left & Right interfaces 
-1.5 
Fig. (4-12) Variation of (8j<px ) with the height of the punching column for q2/qi= 0.22 
6/q^for both Left & Right sides interfaces 




























* left side interface 
bright side interface 
0.5 1 1.5 
frip, for both Left & Right interfaces 


























1.500 1.000 0.500 
-43r-
~3"3™ 
• left side interface 
• right side interface 
0.000 -0.500 -1.000 -1.500 
5/q>1 fo r both Left & Right interfaces 




























> left side interface 
i right side interface 
0.500 0.000 -0.500 -1.000 -1.500 
cVcp., for both Left & Right interfaces 
Fig. (4-16) Variation of (8\(px ) with the height of the punching column for q2/qi= 0.04 
1.5 0.5 
• left side interface 
Bright side interface 
-0.5 -1.5 
cVq^ for both Left & Right interfaces 
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- * ? -
®left side interface 
a right side interface 
-0.5 -1 -1.5 
6/cp1 for both Left & Right interfaces 
Fig. (4-18) Variation of ( S / ^ ) with the height of the punching column for q2/qi= 0.37 
From these figures, it can be noted the contribution of the depth of the upper 
layer on the (S/cp^  ) ratio. Where's, for the same ratio of q2/qi as the thickness of 
the upper layer increases (H) the ratio of (S/<p]) decreases, until it reaches a 
zero value at the interface between the two layers. This effect had been 
neglected by Hanna (1978) on the average mobilized angle of shearing 
resistance (S), as it was assumed that the ratio (S/(p}) constant for all values of 
the thickness of the upper layer (H). 
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4.7 RELATIVE STRENGTH OF BOTH LAYERS 
The variation of 8f(px ratio with the relative strength of the two layers are given in 
figures (4-19) and (4-20) for (q2/qi = 0.08, 0.22 and 0.54 for H/B = 1 and 3). It can 
be noted from these figures that the ratio S/<pj for smaller q2/qi value decreases 
by ±10% with the increases of H/B from one to three. Nevertheless, this 















- 3 § T 8 -
J6T6~ 
3 5 ^ -
-35T-2-
34TS-
-1.50 -1.00 -0.50 0.00 0.50 1.00 
6/cp^or both Left & Righ t interfaces 
^ - L , 0.08 
« ~ R , 0.08 
L, 0.22 






—•— R, 0.54 
1.50 


























- 3 4 5 -





— I ! — L, 0.22 
L, 0.54 
« H ~ R, 0.08 
—^—R, 0.22 
—9— R, 0.54 
-1.5 -1 -0.5 0 0.5 
5/<p.,for Left & Right interfaces 
1.5 
Fig.(4-20); Variation of 8\cpx for different (q2/qi) ratios & H/B=3 
4.8 DESIGN CHARTS 
The results of the present investigation have demonistrated that the ratio 
&avrl(P\ ratio are not only depends on the relative strength (q2/qi), but also on the 
ratio of the height of the upper layer to the width of the footing ( H/B). As the 
height of the upper layer inreases, the ratio 8avrj(px decreases. This is due to the 
fact that with the increase in the depth H, the actual failurave diviate further from 
the assumed failure plain causing the decrease is the value of Savr. 
Furthermore, The amount and the direction of the slop of the curve are governed 
by the q2 and q^ values indevidualy. The slop is (-ve) for weaker lower layers and 
(+ve) for stronger ones, for all the H/B < 2, after which the slop direction is 
governed by the effect of the strength of the upper layer. To impliment this new 
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finding in the design theory for predicting the bearing capacity of strip footings, 
design charts were developed and presented in figures 4-21 to 4-29 for 
predicting the ratio of £flVl./V] as function of the ratios of q2/qi and H/B. 
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Fig.(4-22); 5/<p} for different H/B ratios and (q2/qi= 0.37). 
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Fig.(4-23); £>/V, for different H/B ratios and (q2/q-i= 0.24). 
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Fig.(4-29); S/cp^ for different H/B ratios and (q2/qi= 0.04). 
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4.9 SUGESTED DESIGN PROCEDURE 
For a given values of footings width (B), upper layer height (H) and the 
angles of shearing resistance of both layers (#>,,^2), the following is a step-by-
step to estimate the ultimate bearing capacity for these footings: 
1- From (pxand(p2 determine the bearing capacity factors ( Nrl,Nr2)for the 
upper and the lower soil layers respectively from the tables presented 
by Meyerhof (1974). Then calculate the bearing capacity of each layer 
(qi and q2) from the following relation 
q]=0.5/]BN/] for the upper layer 
q2 = 0.5/2BNy2 for the lower layer 
2- For the calculated value of (q2/qi) and for a given H/B ratio, use the 
charts given in figures (4-21 to4-29) to estimate the ratio 8j(px 
3- Use the chart developed by Hanna (1981), the q>xand(p2 values to find 
the coefficient of punching shear resistance (Ks). 
4- Use the following equation to find the coefficient of passive earth 
pressure Kp. 
Kstan cp-i= Kptan 8 
5- Use the found 8 and Kp in the following equation to calculate Pp 
P = 0 . 5 / , / / ?— Hanna(1981-a) 
COS6> 
77 




4.10 DESIGN EXAMPLE 
Calculate the bearing capacity for a continuous footing of width B=2m, resting on 
the surface of two layers sandy subsoil, for the setoff properties assigned for 
each layer, as shown in the figure below. 
Rigid footing 
Dense sand H ~ B = 2m H 
l 
(Pl=43° ! 
Yi = 18.5KN/m3 ! 
Loose sand [ 
<J>2=35° 
y2= 16 KN/m3 
From q>i & cp2 get the bearing capacity factors ( NyX,Ny2) from the tables of 
Meyerhof(1974): 




So; (ft - 0 . 5 / j i W / j = 0.5* 18.5* 2*189.54 = 3506.49 
q2 = 0.5y2BNy2 = 0.5*16*2*48.03 = 768.48 
And, q2/qi = 0.22 
From this value, get to fig. (4-24), for H/B=1.5; get 8j(px = 0.575 
So, 8 = 24.73° 
From Hanna (1981) get Ks= 0.7, find Kp from 
Kstancpi= Kptan 8 
Kp = 1.42 
2 KP 
P = 0.5/,/Z — ^ - = 32.475 KN/m 
COSO 
And finally; gu = q2+—(ppsinS)-yiH <qt 
B 
= 768.48 + (32.475*sin(24.73))-18.5*1.5 < 3506.49 
= 754.32 KN/m 
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CHAPTER FIVE 
CONCLUTIONS AND RECOMENDATSONS 
5.1 CONCLUSION 
A numerical model was developed to simulate the case of footing on dense sand 
overlying loose cohesionless material. The objective of this research was to 
evaluate the level and distribution of mobilization of the shearing strength along 
the punching column. The following can be concluded: 
1. The model has been validated with the experimental results of Hanna 
(1978) and Hanna (1981). 
2. To the contrary to what has been published in the literature, the mobilized 
shearing strength on the punching column is a function of not only the 
relative strength of the layered system, but also the H/B ratio. 
3. The ratio of S/(px is a function of the H/B ratio, the q2/qi ratio as well as 
the individual strength of the lower layer or the upper layer; q2, and qi 
respectively. 
4. The strengths of both the lower and upper layers have major effects on 
the produced bearing capacity as well as the level of mobilization of the 
shear strength on the punching column. 
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5. The effect of the upper layer thickness diminishes at a depth at which the 
ultimate bearing capacity of the system is equal to the homogonous case. 
6. The ultimate bearing capacity of the homogenous upper or lower layers 
constitute the upper and lower bounds for the bearing capacity of the 
layered system 
5.2 RECOMMENDATIONS 
1. This work should be continued to model the cases of sand over clay and a 
clay layer sandwich between two sand layers. 
2. As for the calculations of the mobilized angle of shearing resistance 8 
more work is needed to establish a mathematical relationship between 8 
and <Pi (angle of internal shearing resistance of the upper layer). 
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